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1THE POSSIBILITY OF OOMMBRCIA1 USE OF
WAVE DISTORTION BY FERRIC INDUCTANCES
I INTRODUCTION
Some time ago Dr. Ernst J. Berg suggested the possibility
that wave distortion in the exciting current of transformers, with
its accompanying triple harmonic, might he employed as a means of
raising the frequency for use in wireless telegraphy.
The following investigation was accordingly undertaken
to determine whether a triple frequency output with satisfactory
voltage and power characteristics could he obtained, and if so
the probable efficiency of the arrangement.
The logical development of the problem has necessitated
a considerable amount of elementary theory and this is given in
some detail. Various arrangements and combinations of trans-
former coils were tried and resulting wave distortion studied by
the aid of the oscillograph.
A thorough investigation of the causes of wave distortion
has not been attempted. Neither has it been attempted, in all
cases, to explain the reasons for the resulting form of wave shapes
as shown in oscillograms which follow.
Analysis of waves has not been carried beyond the ninth
harmonic, since in the majority of cases it was felt that any
higher harmonics would be unimportant. An outline of the method
of wave analysis used is given in the appendix together with a
ample of such calculations. There is also given a very conven-
ient table of sines and cosines for use as far as the ninth har-
monic •
Acknowledgment is made of reference to the following

2papers and discussions in the transactions of the American Insti-
tute of Electrical Engineers.
An Analysis of Transformer Curves by Chas. K. Huguet, Vol. XIII
The Effect of Iron in Distorting Alternating Current Wave
Form, by Frederick Bedell and E. B. Little, Vol. XXV.
Observation of Harmonics in Current and Voltage Wave Shapes
of Transformers, by J. J. Frank, Vol. XXIX.
APPARATUS
A group of three similar 1.5 K. W., 60 cycle core type,
.
. , 120 1200 . _ , _
single phase, - volt transformers were used for part of
240 2400
the investigation. These were connected with a ratio of one
to one, only the low voltage windings being used.
Three similar 2 K. W., 50 cycle, single phase core type
trans f ormers , each wound with four 110 volt coils were also used
in part of the work. Tests were also made on both a 5 K. W.
core type, 3 phase transformer and a shell type transformer of the
same rating.
Power was supplied from a 15 K. W. 240 volt, 3 phase,
50 cycle alternator of the revolving armature type, wound with four
slots per pole per phase. The e. m. f. wave of this machine at
rated voltage on open circuit and its equation is shown on page 76.
The higher harmonics due to the teeth of the core are apparent,
and the equation shows the presence of the third, fifth, seventh
and ninth harmonics. The presence of these harmonics is to be
regretted since they may have a very considerable and an uncertain
effect on the shape of the resulting waves. The effect of the

3third and ninth harmonics, however is neutralized when the machine
is used on a 5 phase circuit, as is seen later.

4II DISTORTION OF WAVE SHAPE IN IRON CORED COILS
Distortion of Exciting Current
It has long been known that when a sinusoidal e. m. f.
wave is impressed upon an air cored coil containing resistance
and reactance, a sinusoidal current will flow in the coil lagging
"behind the e. m. f. wave by an angle determined by the relative
value of the resistance and reactance of the circuit. If the
coil is assumed to have negligible resistance, the current lags
90* behind the e. m. f. and is wattless.
From Faraday's law the following equation may be written,
d<P . dB /_ \
e = - n — = - A n — , (
1
dt dt
where A is the area of the flux path and n the number of turns of
the coil. It is apparent that; neglecting ohmic drop, if the im-
pressed e. m. f . wave is sinusoidal, the flux wave must have the
same shape and lag 90° behind the e. m. f. The inductance of
the coil is constant, and since L i = n 9
,
equation fl) may
be written,
»
d? dB di
e = - n — = - A n — = - L --
,
(2)
dt dt dt
and it follows that the current and flux wave are directly propor-
tional and in phase with each other as shown in figure 1 below.

5Again, over since Professor Ryan's discoveries in 1889,
it has also been known that when a coil encircles iron, as in a
transformer, and a sinusoidal e. m. f. wave is impressed upon the
circuit, the current flowing will no longer be sinusoidal, but
distorted, and its phase position with reference to the e. m. f.
will be dependent upon the relative value of the effective resis-
tance and reactance of the coil, where the effective resistance is
~~~~E~~~~
n^e e^^eo ^ ive reactance the corresponding component
1 d<P
at 90° • In this case equation (1) holds good and e = - n
,
but the inductance L does not remain constant due to the shape
of the magnetization curve and the hysteresis of the core. There
fore the flux and current waves are no longer similar. Since the
e. m. f. wave is sinusoidal, the flux wave must take the same shape
and the current wave is distorted and leads the wave of flux by
the so-called hysteretic angle of advance as shown in figure 2.
Figure 2.
Whether this distortion is due wholly to the shape of
the hysteresis loop, or to the varying permeability of the core,
or to both, has been the subject of a great deal of discussion,
and writers on the subject are still far from agreement on this
point.

6Tf the hysteresis loop of the core is known and combined
with the oorre sponding sinusoidal flux wave, as shown in figure 3,
page 10, the same distorted wave of exciting current as that of
the previous figure is obtained. From the equation of the wave,
i = 8.92 cos (9 - 53°) + 1.8 cos (39 -82°) + 1.3 cos (5 f - 13°)
.29 cos f.ff - 49°) * 1.31 cos (99 - 88°), it is noticeable that,
besides the wave of fundamental frequency, the third harmonic and
its overtones are prominent, and the fifth and seventh are present
in decreasing amplitude.
It may be noted here, first, that no sign of even har-
monics is found in the analysis of e. m. f., current or flux waves.
This is due to the fact that from the mechanical construction of
the generating apparatus the two lobes of the wave must be similar
in shape, and hence precludes the possibility of other than odd
harmonics. Second, it is apparent that the maximum values of
current and flux waves must occur at the same time due to the
shape of the hysteresis cycle.
How if it is assumed that there is no hy3teresis loss
an'"1 that the loop in figure 3 collapses to the line A, the derived
current wave will take the shape shown in figure 4, page 11 t and
from the equation of the wave, i = 7.22 co3 (9 - 90°) +1.78 cos
(39 - 270°) + .4 cos (59 - 90°) + .16 cos (79 - 270°) + .062 cos
(99 - 90°). Tne presence of t^e marked third harmonic, together
with the fifth and seventh is again noted, thereby indicating that,
whatever the effect of hysteresis, the establishment of triple and
higher harmonics in the exciting current is due largely to the
change in permeability, or to the bend of the magnetic characteris-
tic
.

7It may be stated in this connection, the belief has "been
expressed that were there no hysteresis I03S, with a consequent
collapsing of the loop, the permeability curve would become a
Straight line. To the writers knowledge there has been no def-
inite investigation of this theory, and none has been attempted
in this paper.
Since it la seen that the bend in the magnetic charac-
teristic has a very marked effect on the establishment of harmonics
in the exciting current, the logical conclusion is that the greater
the density of the core the greater will be the amplitude of these
harmonics. This conclusion is borne out by experiment.
Oscillograms number 12 and 13 page 77 , show the exciting
current curves of one of the 1.5 E. W. transformers at densities
of 68, 000 and 94,500 lines per square inch respectively. The
equations of these curves are, i = 1.91 cos (9 - 164°) + .546 cos
(39 - 174°) + .137 cos (59 - 157°) * .033 cos (79 - 152°) + .333
cos (99 - 152° ) , for the lower density and, i =24.4 cos (9 - 175°)
12.6 cos (39 - 176° ) + 4.76 cos (59 - 17l" ) + 1.37 cos (79 - 184° )
.7 cos (99 - 207°) for the higher. The relative increase of
the third harmonic with reference to the fundamental is very no-
ticeable •
Distortion of Flux and E. M. F. Waves
If now it is assumed that a sine wave of current flows
in the iron cored coil, and this be combined with the hysteresis
loop as 3hown in figure 5, page 12 , the resultant flux wave is
found to be flat topped, and from the equation, 9 = 1.17 cos

8(Q - 210°) .242 goo (80 - 103°) - .054 cos (59 - 349° ) » .019
cos (7© - 114°) * .216 cos (9© - 179°), the presence of the same
higher harmonics is again noted.
The corresponding e. m. f . wave may he determined from
a mechanical differentiation of the flux wave. Since the differ-
ential of one wave is another whose ordinates are a measure of the
slope of the first, it is- necessary to divide the first wave into
increments. The smaller these increments the more accurate will
A Cp
he the resulting curve. Let these increments approach *--r ,A t
as a limit. In figure 5,
A 9 92 - 9q 92 - 9X t2 + t-L
--- = — --— =
,
hut t x= , andAt At t
2 -
t
x
* 2
fg- <Pi d?
the rate of change of flux with respect to timo t = =
_2 1
2
In figure 5 these increments have "been taken every 20 degrees and
is -- at 20 degrees , etc . Values for this different ia-
t dt
20
tion are shown on tahle I, page 13. To plot the values of E in
percent the maximum value of ^ is multiplied hy that number which
will make R unity.
max. •
This resulting e. m. f. wave is seen to be very peaked
and has the equation, e = .546 cos (9 - 118°) + .311 cos (39 - 19°)
* .104 cos (59 - 250°) + .256 cos (79 - 90°) + .0015 cos (99 - 337°)
The prominence of the third, fifth and seventh harmonics is again
noted. The fact that this wave is so much more distorted than
the wave of flux may be explained by the following equations.
e « -n & .
dt
Let 9 = 3) sin cot * d3 sin 3 cot * !D5 sin 5 cot + sin 7 cot

Then differentiating,
I -B ft) fl cos cot * 3 co cos 3 cot + 5 co (Bg cos 5 cot + 7 co
Q cos 7 cot where Q, (Dg etc. represent the amplitudes of the
maximum ordinates of the harmonics of the flux wave, and co Q,
3 co (B_ , etc. the maximum ordinates of the harmonics of the wave of
3
e . m. f
•
The definite conclusion to he drawn from the foregoing,
assuming sine wave relations, is as follows. When an alternating
current flows in an iron cored coil, either the current wave or
the waves of e . m. f. and flux will he distorted by the presence
of a marked third harmonic and its overtones, together with the
presence of fifth, seventh and higher harmonics of decreasing am-
plitude •
It has been assumed in this discussion that the entire
primary current is used to magnetize the iron and supply the core
loss. Were the transformer secondary loaded, the magnetizing
component at normal flux density, would be so small as to have
little if any effect on the wave shape.
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TABLE I
MECHANICAL INTEGRATION OF THE FLUX WAVE
TO DETERMINE E. M. F. WAVE
Data Obtained from Figure 5
Decrees f£ E-%
dtp x 1.59
-10 -.36
.72 .1
10 +.36
EO .51 .71
30 *.87
40 .115 .15
50 .995
60 .003 .004
70 .998
80 -.015 -.021
90 .983
100 -.031 -.043
110 .952
120 -.051 -.072
130 .90
140 -.15 -.208
150 .75
160 -.39 -.54
170 .36
180 -.72 -1.00
190 -.36
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Til THE EFFECT OF WAVE SHAPE ON TRANSFORMER LOSSES
The rated voltage and guaranteer1 core loss and efficiency
of a transformer is "based upon the assumption that the impressed
e. m. f. is a sine wave. The hysteresis loss is expressed by
the equation,
n max.
CD
Wrr = K V f B1,6 , where B =
,
V = volumemov '
area
of the core in cu. cm., f = frequency and E = a constant deter-
mined by the quality of the iron . It is therefore proportional
to the maximum flux in the core. This loss, for the same effect-
ive value of e. m. f. impressed, is to a certain extent dependent
upon the .shape of the e. m. f. wave, and consequently upon the
shape of the wave of flux.
From the fundamental equation of the e. m. f. of a
transformer
,
4.44 f n d
E
eff. = ios
"~"
E x 10
8
E _ x -fzr x 10
8
or CD = = j£t*J-
4.44 f n flT x 4.44 f n
2 tt f n 4 n f n
and it is seen that d and consequently the hysteresis 103s is pro-
portional to the average value of the e. m. f. wave.
Stated in another way,
d9
e = n -- or edt = ndT.
d t
edt = n / d? or l/2 / edt = n CE.
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edt » 2 n CD , and CD, and consequently the hysteresis losses,
are proportional to the area under the e. m. f. wave.
The effective value of the e. in. f. wave may he the same
in two separate oases and yet the shape of the waves may he en-
tirely different due to the shifting of the harmonic; components
which make up the wave. Let the equation of a voltage wave he,
e = E
x
sin^ + E3 sin (36- +<*,) + E5 sin (56 + <KZ )
Eav ^=
- / sine*
|
E3 sin (3 6 +<r, ) + | Eg &
°^
in
E
1
sin^-dQ = B-, I sin6-d9 E-jl-cos = 2 E.
fi
E3 sin (3 6 -•-<*, ) de = sin 3 6 cosoc, de * E 3 sincff cos 3ede
/o
E3 costf,
I sin 36 de- + E3 sin of, I cos 3 6 de
o Jo
n
E„ cos of, f- 1/3 cos 36 i + E sinQC
(
-
-,T1
1/3 sin cP
= 2/3 E
3
cos OC; .
/n
5
sin (56 *Qfe) dfi * S, (sin 5 6- cos o^) de- + eJ sinof^aos 5 ed&
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E
5
coscTi
J
sin 5 da- - E
5
sino^/ cos 5« d<^
r
E cos of,
5
-1/5 sin 5 6 E sin of. 1/5 sin 50
= 2/5 E
5
cos QCz .
1
And E
ay
= - (2 E]_+ 2/3 E3 cos*, 2/5 E 5 cos of,, )
= Sl * 2 ^3n E3 003 * 2 /5n E5
003 a^
\ E = E
n max. average
E
av=
Elav* X /3 % avCOSQf ' + 1 /5 % av 003
Showing that the average value of the e. m. f. and the
area under the wave depends upon the phase position of the harmon-
ics with reference to the fundamental. Obviously then, the hys-
teresis loss is proportional to the phase position of the various
harmonics which make up the complex wave.
Expressed in another way, when two different e. m. f.
77aves of the same effective value are impressed on an iron cored
coil the relation of the hysteresis loss under the two conditions
is as follows. 15
Hysteresis L03S (1) ° max. fl) B -v. (1)
hysteresis Loss ThJ ~ t>^*® ~ a^-'° 'B
max. (2)
E av. (2)
Or in terms of the form factor, whereby definition, form factor
E
= MX>
.
E
av.
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Hysteresis Loss (1) Fori? Factor (2)
______________ _ __ — _______________ #
Hysteresis Loas (2) Form Factor (1)
Therefore for the same effective value of e. m. f. im-
pressed ,a flat wave with its accompanying peaked wave of flux will
give a greater core loss in the coil than the peaked e. m. f.
wave with the c orrespondinn- flat flux wave.
It may he noted that since the effective value of the
e. m. f. waves are the same the eddy current losses are not effect-
ed by the wave distortion.
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IV THREE PHASE CONNECTION OF TRANSFORMERS
Y Connected Primary
In any balanced three wire three phase circuit there can
exist no triple frequency currents, nor can there exist any triple
frequency e. m. f.'s "between lines. This is true, since the funda-
mental currents and voltages per phase are 120° in time phase with
each other, and the triple frequency currents and voltages betv/een
lines are hence, 3 x 120° or 350° apart, or in time phase. Neither
can there exist any overtones of the 3rd such as the 9th, 15th, 27th
and higher multiple harmonics. Harmonics such as the 5th, 7th,
11th and those whose instantaneous values acid up to zero, may how-
ever be present. The very fact that the triple frequency current
i3 suppressed in such a three phase circuit suggests the possibility
of connecting the iron cored coils in this circuit and of thereby
inducing in them a triple frequency e. m. f . which may be utilized.
If three similar transformers be connected Y, with the
secondaries disconnected, in such a circuit to form a balanced
system, the exciting current in the primary of each of these trans-
formers will be deprived if its triple frequency component of cur-
rent and overtones of the same. From previous reasoning it is
apparent that the flux wave will be distorted and flattened, while
the e. m. f. wave will be correspondingly distorted and peaked.
Both of these waves will also contain a marlted triple.
If the secondaries of the transformers be connected
delta, with one corner left open at AB in figure 6 , page 19 a
triple frequency voltage will show itself at this point. Since
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the secondary of each transformer has inrluced in it a wave of e. m.
f. of the same shape, neglecting ohraic drop, as that in the pri-
mary, there will he a triple frequency component induced in each
coil of the delta. Remembering that all the fundamental and high-
er harmonic e. m. f.'s add up to zero, except the 3rd and its over-
tones which are always in phase with each other, it is evident that
there will appear across this gap a triple frequency voltage equal
to three times the triple frequency component per coil.
If the corner of the delta AB in figure 6 he closed,
a circulating current of triple frequency will flow in the delta,
induced hy the triple e. m. f. components.
It may he proved mathematically that these voltages and
currents in the ^elta are of triple frequency. Let it he assumed
that the system is "balance^ and that the e. ra. f.'s induced in
each secondary winding are e
:
ual in value and contain "besides the
fundamental 3rd and 5th harmonic components.
e
x
= E
x
sin <P * ^ sin 3<p + E5 sin 59 (1)
e2
= R, sin + 120°] + Eg sin 3(<? 120*) + &3 sin 5(«P + 120°)
= S1 sin (9 + 120°) + ifi3 sin 59 + % sin (59 + 240°)
= S^ain 9 cos 120° + cos 9 sin- 120°) + Kz sin 39 + Bg (sin
59 cos 240* + cos 5 sin 240°
)
= -.5
2-l
sin 9 * .856 cos 9 Bg sin 39 - .5 35 sin 59
- .866 ft. cos 59 (2)
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S3 - E, sin (9 *
240° ) + Eg sin 3 (9 + 240°) E5 sin 5 (9+240°
= 3 sin (9 + 240°) sin 59 * E
5
sin 5 ff * 120°)
= 31 (sin 9 oos 240° + eos 9 sin 240°) + Eg sin 39 * E5
(sin 5 9 cos 120° 4- cos 5 9 sin 120°)
= -.5 B ( sin 9 - .866 E, cos f > B« sin 3 9 -.5 E5 sin
5 9+ .866 S5 cos 59 . (3)
Adding equations (1), (2) and (3) above,
e
l *
e
2 *
9 3 = 3fi3
Sin
The fundamentals and all harmonics hut the third are found to blot
themselves out and there is left only the triple harmonic e. m. f.
to force current through the delta, and therefore this current
will be of triple frequency. If the analysis had been carried
farther, it would have been found that the 9th, 15th, 27th harmon-
ics and all odd multiples of the 3rd were in phase and would add
to the resultant e. m. f.
Table II page 31 , gives the results of a test on the
1.5 X. \V. transformers connected a: shown in figure 7 below.
Figure 7.
Densities were varied from a value somewhat below normal to that
value which required 150% normal load current for excitation. Read
inga were taken of line current, line voltage, coil voltage, trans-
former core los3 and voltage across the opening in the secondary
delta. Values of line voltage
-*-"Y37 or theoretical transformer volt

age, are also tabulated. The corresponding curves of coil voltage
line voltage over ~f3~an<3 the secondary triple frequency voltage per
coil are plotted in figure 10 page 32 . The discrepancy be-
tween actual and theoretical coil voltages is very noticeable and
is due
f
as already noted, to the distortion of the e. m. f. wave
from line to neutral. The curves show also that this discrepancy
increases with density, as does also the triple voltage across the
opening in the secondary delta.
From this data in Table II a very fair approximation
of the fundamental voltage across the coils of the individual
transformers can be made by subtracting in quadrature the effective
values of the secondary triple voltage per coil from the effective
value of the primary coil voltage as follows.
From line 5, Table II . , _ a f I^TT - F2^= 1081 fundamental *
volts, or assuming sine wave relation,
Line voltage 190
= = 110 volts, as a check.
The seeming discrepancy lies in the fact that the system is not
exactly balanced, and that there is present in the primary coil volt
age other harmonics than the 3rd.
The proof that the effective value of the harmonics of a
complex wave may be added in quadrature follows.
Let the equation of an e. m. f. wave be
e = S1 cos ?
* E3 cos (39 + * ) * Eg cos (59 + ) +
2 2 2 2 2 2
• = cos 9 « E3 co3 (39 °C ) Bk cos (59 + ) +
1^ E~ co3 9 cos (39 +°Q * E-j^ E5 cos 9 cos (59 + Eg E5 cos
(39 cos (59 -°0 .
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Multiplying: by d9 and integrating between o and 2n t
2 f
e If = I S * cos^
2 2 12
£ cos (39 +o() d9 + / E cos
I 5
(59 +01) a9
2n
S1 E3 cos 9 cos (39 +°0 d9 + / E5 cos 9 cos (59 +QC) d9 +
E3 Eg cos (39 +GC) cos (59 d9 +
2 2
cos 9 d9 = E
x
/ 1/2 (1 + cos 29) d9 = n E-^
2 2
S
3
cos (39 -Of) d9 « / cos (39 ^°C) cos (39 +<X) d9 = n E
3
E5
2
cos2 (59 +<0 d9 = n E 2
o
All other terms integrate to zero and
2n
2 2 2 2
a d9 = n E-j_ - n E3 + n E5 +
n E-,
2
- n E*2 -" n E 2
2n
'E-j
2
+ E 24 I 2
eff.
11 H lag T II -Up: E
The mean squared ordinate = -— „
_1
E 2+ E 2
H 2 + B 2 - E
2
1 eff. 3 eff. 5 eff.
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It is noticeable that the term oC drops out, thu.3 sig-
nifying that the phase position of the harmonics has no effect on
the resulting effective value. Results would have been the same
were the harmonics subtracted instead of added.
Table T II page 33
,
gives the results when the secon-
dary delta in figure 7 is closed through an ammeter. The same
readings were repeated except that the delta current is read in-
line voltage
stead of the voltage across the opening. Curves of
and coil voltage are plotted in figure 11 page 34 . In this
case, these voltages agree very closely throughout the range of
the readings and this fact leads to the conclusion that this cir-
culating triple current changes the flux wave to sinusoidal form
by supplying the triple current component missing in the primary
winding and thus restores the coil voltage wave to normal shape.
A curve of coil voltage and secondary triple current is also plotted
in this same figure and shows the increase of this current with core
density. The similarity of both secondary triple voltage and cur-
rent curves to the magnetization curve of iron is apparent.
The single phase 3ore loss and exciting current of the
1.5 Z. transformers for densities varying from 56 1 000 to 108,000
lines per square inch is tabulated in Table IV page 35 . The
data in Table V page 56 and the curves in figure 12 page 37
3how the relative core loss of one of the same transformers with
the three following connections, single phase; Y closed delta; and
Y open delta. The core losses with the first two connections
check very closely, while the value is considerable lees with the
Y open delta arrangement. This again indicates a peaked e. m. f.
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wave on the transformer with its corresponding: flat wave of flux.
Oscillograms numbers 15, 16 and 20, pages 78, 79 and 81
taken from the 1.5 K.W. transformers connected Y open delta, verify
foregoing conclusions and show that the e. m. f. wave between line
and neutral is peaked and contains a marked triple* On analysis,
the wave in oscillogram number 20 has the following equation,
e = 225 cos (9 - 117°) + 130 cos (39 - 352°) + 21 cos (59 - 215°)
11 cos (79 - 67*) + 7 cos (99 - 130°). It is to be noted that
trie amplitude of the 3rd harmonic is more than 50% of the funda-
mental. The transformers, however, were excited considerably be-
yond the knee of toe magnetization curve. The presence of the
5th and 7th harmonic is due to the unbalance of the circuit, and
to the fact that the e. m. f. of the generator is not exactly sin-
usoidal.
The wave of exciting current is shown in oscillogram
number 16 and has the equation, i =5.8 cos (9 - 77°) +2.2 cos
(39 - 272°) - 1.5 cos (59 - 187°) + .53 cos (79 - 338°) * 1.04
cos (99 - 88°). The unbalanced condition of the circuit accounts
for the presence of the 3rd and 9th harmonics in this case also.
when the transformers are connected Y closed delta, the
curves in oscillogram number 14, again verify previous deductions
and show that the voltage to neutral changes to sinusoidal form,
and that a sine wave of triple frequency current circulates around
the delta. The primary line current changes shape but still con-
tains the same harmonics, only shifted in phase.
It ha3 been previously stated that the circulating triple
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current in the delta subtracts from the distorted flux wave its
triple component, thereby restoring it to sinusoidal form. If
this he true, the algebraic difference of the primary line and
the delta currents should give the normal single phase exciting
current. This point is illustrated as follows.
Figure 15 page 50 shows the curve of line current and
secondary triple current from film number 17, page 79 . This
triple current is reversed end added to the primary. The com-
bined wave is shown in figure 14 page 39
,
and has the equation,
i = 16.9 cos ( 9 - 91") * 5.88 cos (39 - 276°) + 4.2 cos (59 - 13°)
+ .545 cos (79 - 270°) - .45 cos (99 - 252°). The single phase
exciting current of the same transformer at the corresponding den-
sity, 95,000 lines, is shown in figure 15 page 40 t and has the
equation, i = 13.5 cos (9 - 109°) + 8.8 cos (39 - 337°) * 3.7 cos
(59 - 119°) + 2.05 cos (79 - 77°) + .63 cos (99 - 293°). The
general shape of these last two curves is similar, but they should
undoubtedly be nearer alike than the results indicate. The pres-
ence of the oscillograph vibrator in the delta circuit changes the
value of triple current, thereby affecting the shape of the line
current. The circuit also as has been said was somewhat unbal-
anced. Theoretically, these waves should not be absolutely the
same, due to the fact that there must be present in the windings a
slight triple e. m. f. to produce the circulating triple in the
secondary.
In film number 25, the transformers were connected Y
closed delta with one coil of an idle transformer inserted in the
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delta. fhlle this reduced the circulating current, it had prac-
tically no effect in shifting: its position with reference to the
line current. On consideration, this result might he expected,
since this circulating current flows through the triple frequency-
reactance of the three transformers coils in series and is pro-
hahly at almost 90° with the e. rn. f.'s which produce it. From
oscillograms not shown,this afditional reactance was seen to act
exactly as a resistance inserted, in the delta.
In the Y Y connection with neutral return, there is a
path for the triple component of exciting current in each trans-
former and a triple frequency current equal to three times that
for one transformer will flow over this circuit. Single phase
conditions result in each transformer and oscillogram numher 26
shows the transformer current to he identical with that in oscill-
ogram numher 13 at the same core density. The neutral triple
frequency current is sinusoidal In shape.
Delta Connected Primary
7/hen transformers are connected delta, open delta, the
condition still holds that no triple current can flow in the lines
supplying the transformers; and yet since the e. m. f. hetween
lines, and therefore across the transformer, is of sinusoidal
form, it calls for a triple frequency component of exciting current.
This non-triple current supplied hy the line, sets up the expected
triple frequency e. m. f. in each transformer and there flows around
the delta a triple current which practically restores the flux wave
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to normal.
If the secondary delta is closed, it will have no effect
on the wave shape in the primary, but there is now offered an add-
itional rath for this triple circulating current. Assuming a one
to one ratio of transformers and neglecting ohmic drop and leakage,
it will divide equally between the primary and secondary windings.
Oscillograms numbers 22 and 21
,
page 82,show the line coil and sec-
ondary triple current waves with this connection at densities of
58,000 and 85,000 lines respectively. The low value of the sec-
ondary triple current compared to that in the Y delta connection
is noticeable. The coil- current wave differs somewhat from the
normal single phase wave, as already explained, and has practically
the same shape as that of the combined wave form oscillogram number
17, shown in figure 14.
In all the oscillograms where the secondary triple fre-
quency current is shown, the fact is noticeable that the amplitude
of every third lobe is greater than the other two. This is
attributed to the presence of a fundamental in the wave as oscill-
ograms 27 and 29 page 85 prove. For oscillogram 27, the three
2 K. W. transformers were connected Y closed delta with 1:1, 1:1
and 1:2 ratio of transformation respect ively. For oscillogram 29,
the transformers were connected in the same way, but with ratio of
1:1, 1:1 and 1;3 respectively. 3y this means, there was intro-
duced into the delta a fundamental voltage which was short circuit-
ed through the other two coils. The extreme prominence of this
fundamental, as well as the resulting distortion of the line cur-
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rents is apparent.
The V V Connection
With this connection of transformers on a three phase
circuit, each transformer has impressed upon its terminals the sine
wave of e. m. f. from the line as in the delta delta connection.
But here, there is no path for the circulating triple frequency
component, and this must "be supplied from the line. With these
connections also, one of the three lines supplies "both of the trans-
formers, while the current in each of the other two is that of a
single transformer. This results in an unbalancing of the cir-
cuit so far as the exciting current is concerned. Each trans-
former gets its normal current wave, and there is no abnormal dis-
tortion of either e. m. f. or current. Oscillograms numbers 23
and 24, page 83 bear out the above statements.
Three Phase Transformer
Core and Shell Types
The distortion of e. m. f. and flux waves in the three
phase transformer is affected, not only by the method of connecting
the coils, but by the shape of the core and arrangement of the
flux paths.
In the magnetic circuit of the core type transformer,
the fundamental flux reaves are 120° apart and of course offer no
opposition to each other. The triple components of the flux
v:aves are, however, in phase and the cores are all in parallel for
this flux, as shown in figure 8 page 29 . Each path is,
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Figure 8.
therefore, subjected to an equal and opposite number of ampere
turns with the result that this triple flux is suppressed, ex-
cepting- that which will flow in leakage paths around each coil.
The presence of this leakage flux will have a more or less uncer-
tain effect on the e. m. f. wave, but the triple component will
not he large.
The data from tests on the 5 E.W. core type transformer,
coil ratio 1:12, connected Y open delta and Y closed delta is given
in Tables VI 'and VII pages 41 and 42 . These results agree with
the above deduction and show that the coil voltage approximately
keeps its ^« ratio with the line voltage in the first connection;
also that the triple e. BU f. across the opening in the delta is
very small (on the basis of 1:1 coil ratio). Closing the secon-
dary delta does not change conditions vory much since this leakage
flux is probably small. Coil voltage and current waves with
both connections are shown in oscillograms 37 and 38, page 89
The shell type three phase transformer from its construc-
tion does not differ materially in its effect on wave distortion
from that of the three separate transformers. In this type, the
three coils surround cores which make together two series flux
paths, as in figure 9 page 30 . No fundamental flux passes
through these series paths, since the 3um of the instantaneous
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Figure 9
•
values is zero. But the triple components of the flux take
this path and three times the flux from one coil passes through
it. The triple frequency e. m. f. should he as prominent in
this type as in the three single phase machines, hut in the commer
cial three phase transformer the difference in reluctance of the
magnetic circuits to the main flux unbalances the system to such
an extent as to make it unsatisfactory for triple frequency out-
put.

TABLE II
1.5 K . W. TRANSFORMERS - 3 PHASE,
Y PRIMARY, OPEN DELTA SECONDARY.
E Watts
w w — _L W O O
E
^line
E3/~
/ 3
155 .45 16 100 90 122 40.8
168 .50 18 110 97 140 47 .
190 • 65 20 120 110 158 52
.
E00 .83 23 130 115 176 59
213 1.07 27 140 123 189 Dt5 •
228 1 .38 30 150 132 206 69
242 1 .82 37 160 140 225 75.
257 2.44 43 170 148 242 81.
272 3.25 50 180 157 250 83.5
285 4.55 56 190 165 278 93.
300 6.6 70 200 174 302 101
313 9.20 85 210 181 325 108
326 12.3 103 220 188 343 114
534 14.9 118 226 193 355 118
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TABLE III
1.5 K. W. TRANSFORMERS , 3 PHASE -
Y PRIMARY .CLOSED DELTA SECONDARY.
Ev .1a E . , En . , I n Watts I. . _line coil line/j^ Ex. triple
168 100 97 .62 20 .22
190 110 110 .78 22 .33
205 120 118 1.08 26 .46
221 130 128 1.54 30 .69
238 140 138 2.18 37 1.20
257 150 149 3.67 43 1.87
275 160 159 5.90 56 3.16
292 170
.
169 9.46 80 5.20
308 180 178 13.5 108 7.46
327 190 189 20.5 150 10.80
343 200 198 27.2 230 14.45
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TABLE TV
1.5 E • W. TRANSFORMER - SINGLE PHASE CORE-LOSS AND
KOITUTG CURRENT FOR VARIOUS VALUES OF IMPRESSED VOLTAGES
E I Watts
coil Ex. cor?! loss
100 .63 20
110 .86 25
120 1.2 30
130 1.7 34
140 2.44 40
150 3.92 50
160 5.50 67
170 10.2 90
180 14.8 115
190 21.4 155
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TABLE V
1.5 K. W. TRANSFORMER CORE-LOSS - SINGLE PHASE - Y OPEN
DELTA AND Y - CLOSED DELTA FOR VARIOUS COIL VOLTAGES
Watts Watts Watts
E
ooil Single phase Open delta Closed
100 20 16 20
110 25 19 22
120 30 20 26
130 34 23 30
140 40 27 37
150 50 30 43
160 67 37 55
170 90 43 80
180 115 50 108
190 155 56 150
200 70 230
210 85
220 103
226 118
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TABLE VI
Y - OHffl DELTA TEST Oil A 5 X. W. 3 PHAoE CORE
TYPE TRANSFORMER. VOLTAGE RATIO PER COIL 1:12
E I,, E E. .
-i E i . -, E i
line Ex. coil triple triple line/yg"
12 x 3
172 .5 100 99
190 1.0 110 110
208 1.8 120 121
227 2.5 130 35 1 133
242 3.7 140 50 1.3 140
260 5.8 150 110 3. 151
276 8.4 160 400 11. 160
293 11.8 170 615 17 170
310 16.8 180 915 25 180
318 20. 185 1085 30 184

TABLE VII
! - CLOSED DELTA TEST Oil A 5 K. W. 3 PHASE CORE
TYPE TRAUSFORMER. VOLTAGE RATIO PER COIL 1:1
T R S
Ex. coil line/V3~ triple
.5 100 100
1.0 111 111
1.9 120 120
2.6 130 132 .005
3.8 140 140 .008
6.1 150 151 .15
9.3 160 161 .29
14 170 171 .475
21 180 181 .775
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V TRIPLE FREQUENCY OUTPUT
Y Delta Connection
The observation of wave distortion in three phase con-
nections, "by the aid of the oscillograph, and the results of the
Y open delta and Y closed delta tests have shown that the most
encouraging: arrangement of the coils for triple frequency output
to he undoubtedly that of Y connected primaries of three single
-nhase transformers, without neutral return. This arrangement
gives by far the greatest triple frequency e, m. f. component in
the individual coils, which at high densities has been shown to be
more than 50;'S of the fundamental.
The three 2 K. W. transformers were each used as step up
transformers with one to two ratio. They were connected Y open
delta with a resistance load inserted across the opening of the
delta, as illustrated in figure 16 . The voltage on the
Figure 16.
primary Y was raised to 350 volts, or nearly double normal value
and held constant. The load was varied from a minimum value to
short circuit, and observations of secondary voltage, watts and
current were taken. Primary line current and watts were also
read. Results are given in Table 8 page 51 , and from these
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the curves in figure 17
,
page 52 are plotted.
The triple frequency output is low. It rises to a
certain maximum and then falls away to zero as the load current is
increased to short circuit. The voltage characteristic drops
off rapidly to zero with increase of triple frequency current and
its general shape is unsatisfactory. This result was to have
"been expected
,
however, since the presence of the triple current
normally destroys the triple component of flux, as already seen.
Condensers were shunted across the load, as illustrated
in figure 18 , as a means of increasing this triple current.
The presence of capacity in the circuit changes the phase angle
of the secondary triple current with reference to the triple e. ra.
f. and raises this voltage and the voltage across the load. As
the triple output is a function of load voltage this output is in-
creased.
While seemingly the condensers furnish additional power
to the circuit, this, of course, is not so. The increased triple
voltage with its increased current in different phase position,
still further distorts the flux wave. This reacts upon the pri-
mary circuit, changes the shape of the primary coil current and
volta~e vavo3 together with their phase position, with the result
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that more power is taken from the supply.
This test was repeated with capacities of .375, .75,
1.00 and 1.5 microfarads across the load. Results are shown in
Tables II , X , XI and XII and curves are plotted in figures
19 ,20 , 21 and 22 , pages 51 to 60 . Each succeeding
test with increased capacity up to 1.00 m.f. shows an increase
in triple voltage, maximum power output and secondary current,
together with a constantly increasing primary current. With
capacity increased "beyond this point the voltage and power output
decrease.
These results may he explained in the following way. The
equivalent circuit to the secondary is shown in figure 23 , and
Figure
con.3ists of inductive and capacity reactance in series, with the
load, shunted around the condensers. Each increase of capacity
reactance brings the circuit more nearly into resonance, and
where this point is reached the voltage across the load is a max-
imum, and therefore, the output, secondary current and the power
drawn from the supply reach a maximum. Additional capacity
reactance take3 the circuit beyond the point of resonance and the
voltage and corresponding output decrease.
The secondary circuit can not be in exact resonance ex-
cept for one load. As the load is increased, the circuit may
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depart from, or approach resonance, due to change of load current
through the inductive reactance. The higher voltage at no load,
however, allows a higher current output before the voltage drops
to zero.
The condition of resonance is practically reached in
figure 21 , with 1.0 ra. fs. across the load. The maximum output
in this case reaches almost 5 K.W. and the shape of the voltage
characteristic is somewhat improved. At this load, however, the
current in both primary and secondary coils is considerable beyond
normal full load value
•
It is very probable that if the transformers were worked
at a somewhat lower density with a different value of capacity
reactance, almost as satisfactory results might be obtained without
overloading the transformer coils. The output, however, would
be somewhat decreased.
Oscillogram 56, page 88 , shows the triple frequency
load current and line current waves at t"be maximum output with
1.00 microfarad capacity. It is noticeable that the triple
fre ;uency current wave is somewhat distorted
,
although the general
shape is good. The line current also is considerable changed
in shape when compared to other oscillograms of Y closed delta
connecti ons
.
It may be noted that in all cases of delta secondary
connections, the efficiency is approximately 80% regardless of the
amount of capE.city reactance across the load. A summation of
results with this connection is given in Table XIX
,
page 73
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Y Y Connection
Sinoe the results of tests with the Y delta connection
show that the voltage drops off rapidly with a comparatively small
rango of current variation, it was thought that a considerably
larger triple current and a more nearly constant voltage might be
obtained if the three triple e. m. f.'s could be connecter! so as
to form three parallel circuits.
The transformers were, therefore, connected Y Y and
the points of the secondary Y short circuited on each other through
similar condensers as shown in figure 24 . A resistance load
Figure 24,
was inserted between the junction point of the condensers and the
neutral of the Y. This load was then varied from zero to short
circuit, or to the point of maximum allowable current, and readings
of load current, watts, and voltage taken, while the voltage on the
primary Y was held constant. Readings were also taken of pri-
mary watts, line current and voltage to neutral.
The presence of the condensers suppresses the greater
part of the fundamental, which would otherwise flow in the short
circuited path through each transformer coil, and at the same time
offers le33 reactance to the triple frequency current. With this
1
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connection there arc, therefore, three series circuits each con-
taining: inductive and capacity reactance, and all connected in
parallel through the load as a common return path.
The conditions which exist are much the same as in the
delta connection. The condensers again change the phase position
of the triple current which distorts the flux wave, and reacts
u^on the primary circuit. Maximum output still depends upon
resonance in the triple frequency circuits.
In this case, a change in load, if non inductive, will
not throw the circuit out of resonance, provided only there is
slight change in the permeability of the core. A flatter triple
e. m. f. characteristic may, therefore, be expected.
Three sets of tests were taken at 300, 350 and 400
volts across the primary Y. Results are tabulated in Tables XIII
to XVIII, and the corresponding curves are plotted in figures 25
to 30, pages 61 to 72.
In the tests at 300 volts, the circuit approached reson-
ance with a capacity of 5m. fs. inserted in each phase of the sec-
ondary. The maximum output is almost 4 K. W., but this point is
beyond the full load current of the primary coils of the transform-
ers. At full load current this output is nearer 3 K.W. The
voltap-e is almost constant throughout the allowable range of load,
and approaches very closely to that of the shunt generator. The
efficiency curve rises rapidly to a fair value and remains constant
throughout the range of load.
In the tests at 350 volts, 4.5 m. fs. capacity per phase
7rere required to bring the circuit into resonance. The shape of
the curves are similar to these in the 300 volt test, and altogether
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are the most satisfactory results obtained with the Y connected
secondary. The output for rated full load current in the trans-
formers is 4 K.W., although the maximum output reaches 6 K.W.
It may he noted here that in all the triple frequency
output tests, the primary coil current is the factor which limits
the output.
Only one test was made at 400 volts. Practically full
load current is required to excite the core at this density and,
therefore, it is too high for practical use.
These curves bring out the fact, already mentioned, that
with increased density, additional capacity reactance must be added
to bring the circuit into resonance, anc1 the possible power output
is thereby increased. There is, however, a definite density at
which the triple circuits may be turned to obtain the maximum
output without overloading the transformer primaries.
The effect of the distortion due to the presence of
capacity reactance in the circuit is very noticeable by the in-
creased value of the primary voltage from line to neutral. In
all cases, it rises, c.s the load is increased, to a value even
higher than the line voltage. In Table >ivil» where the line
voltage is held at 350 volts, the neutral voltage rises to nearly
double this value or to 672 volts.
Oscillograms 30, page 85 , shows the shape of the triple
frequency neutral current and resulting line current for maximum
power output in the 300 volt tost with 1.5 m.f. per phase, figure
25
. 'Hie primary line voltage and neutral voltage for the
3ame te3t and output are shown in oscillograms 31, page 85 y and
34, page 87 . Attention is called to the amplitude of the
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triple frequency component in this neutral e. m. f. wave. Os-
cillogram 35, page 87, shows the triple current wave for mazimum
power output in the 300 volt test v;ith 3 m.fs. capacity per phase.
V/hile this wave is not a pure triple, yet in general it is satis-
factory,
A summation of results with this method of connecting
the secondary, is given in 'Table XX , page 73 .
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TABLE VIII
Triple Frequency Output Y Open Delta Connection,
350 Volts - Constant Line Pressure
No Capacity Across Load.
I
Pri
.
X. W.
Pri.
E
triple
I
triple
K. W.
triple
Eff
.
11 .84 714 .6 .40 .476
11 1.08 700 1.0 .62 .574
11.4 1.41 664 1.5 1.00 .71
11.5 1.59 528 2.0 1.20 .71
12.0 1.90 576 2.54 1.40 .73
13.0 1.94 520 3.05 1.48 .763
13.5 1.95 460 3.50 1.50 .765
15 1.84 378 4.20 1.50 .815
15.5 1.54 229 4.97 1.10 .57
17. 1.16 122 5.34 .70 .60
17.5 .60 5.6

TABLE IX
Triple Frequency Output Y" Open Delta Connection,
350 Volts - Constant Line Pressure
.375 M. P. Capacity Aoross Load.
I
pri •
K. W.
pri •
E
bl 1
J.) Xt?
I
u X JL p J-tJ
K. W. Eff
.
12.5 1.28 955 .65 .60 .469
12.5 1.64 930 1.25 1.09 .665
12.9 2.30 G56 2.13 1.67 .725
14.0 2.59 816 2.55 1.90 .737
14.3 2.77 755 3.07 2.10 .759
15.0 2.91 653 3.70 2.20 .755
16. 2.82 551 4.25 2.20 .780
17.3 2.34 358 5.0 1.8 .77
18.2 1.56 173 5.63 1.08 .692
18.5 .60 5.9 .0

TABLE X
Triple Frequency Output 3 Open Delta Connection
350 Volts - Constant Line Pressure
.75 M. F. Capacity Across Load.
I
pri •
K.W.
pri • triple
K. W..
. -
Eff
.
17.2 1.98 1225 1.0 1.2 .611
17.0 2.32 1195 1.45 1.6 .69
17.3 2.91 1140 2.0 2.0 .687
17.6 3.36 1090 2.5 2.46 .732
17.8 3.72 1030 3.0 2.83 .751
16. 3.89 970 3.5 3.10 .795
18. 3.89 852 4.0 3.10 .795
20.7 4.38 847 4.54 3.50 .90
21. 4 .30 775 4.92 3.45 .803
21. 3.44 480 6.3 2.8 .812
22.5 2.84 347 5.8 2.2 .775
23. .96 41 7.5 .3 .417
25.2 .67 7.6
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TABLE XI
Y - Open Delta Connection
350 Volts Constant Line Voltage
1.00 M. F. Capacity Across Load.
I
JJi 1 •
K. W.
Pri •
3
"fc T*1 Ti 1 P
I K. W..
.
_
triple Eff
.
24 2 .88 12o5 1.75 2.0 • o9
24 5. 90 1200 2 .73 2,9 .74
24.4 4.36 1150 3.24 3.3 .76
24.6 5.34 980 4.9 4.25 .80
28.4 5.84 877 6.1 4.75 .81
29.0 5.96 755 7.1 4.75 .80
29.6 5.52 602 8.2 4.35 .79
30.6 4.88 470 8.9 3.75 .77
31.6 3.36 248 9.9 2.4 .715
31.5 1.08 10.3

TABLE XII
Y - Open Delta Connection
350 Volts Constant Line Pressure
1.5 H« F. Capacity Across Load
I K. W. E I £. W. Bff.
pr i. pri
.
triple triple triple
13.3 1.54 1060 1. 1.00 • r-• OO
13.5 2.0 1020 1.4 1.37 .68
13.7 2.49 959 2.0 1.80 .69
14. 2.54 908 2.5 2.10 .79
14 .
8
3.06 846 3. 2.34 .76
15. 3.40 775 3.42 2.45 .72
15.5 3.42 735 3.9 2.65 .77
17.4 3.36 632 4.5 2.60 .77
18. 3.09 510 5.06 2.4 .78
18.8 2.82 418 5.5 2.1 .74
18. .62 5.7
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TABLE XIII
Triple Frequency Output, Y Y Connection,
300 Volts - Constant Line Pressure
1.5 M . P. Capacity per Phase Secondary.
S
coil pri
•
I
Pri .
E
triple
I
triple
K.W.
triple
Ell ./o
204 2.1 .28 199
212 3.8 .89 188 3.35 .67 .75
224 5.05 1.16 186 4.8 .93 .80
231 5.8 1.32 184 5.6 1.07 .81
235 6.2 1.41 182 6.05 1.14 .81
244 7.0 1.56 180 6.9 1.28 .82
259 8.4 1.82 172 8.2 1.46 .80
273 9.45 1.91 157 9.3 1.53 .80
287 10.3 1.86 132 10.5 1.43 .77
298 10.7 1.67 101 11.3 1.20 .72
306 12 .4 1.58 80 12.7 1.06 .67
313 14.4 1.60 69 14.2 1.04 .65
326 16. 1.78 52 15.9 .89 .50
336 17. 1.40 40 17.1 .65 .46
342 17 .5 1.21 15 17.7 .42 .35
376 21.2 1.13 21.3

TABLE XIV
Triple Frequency Output, Y Y Connection,
300 Volts - Constant Line Pressure
3 LI. P. Capacity per Phase Secondary.
PrfrhAry Fnmary
K.W.
Primary
E
uripie urip.L G triple
Eff.%
205 2 .20 201
201 3 .75 187 2.0 .52 69
204 4 .92 183 4.0 .68 74
205 5 1.15 178 4.5 .91 79
207 6 1.29 173 6.05 1.08 84
212 7 1.57 173 7.3 1.29 82
214 8 1.74 171 8.3 1.44 83
220 10 2.03 168 10.0 1.68 83
232 12.6 2.47 166 12.4 2.07 84
243 15.5 2.91 166 14.75 2.46 85
261 18.5 3.67 178 17.9 3.16 86
290 23. 4.53 174 21.0 3.68 81
310 25.2 4.86 158 24.0 3.84 79
328 27.5 4.96 138 27.3 3.76 76
344 28.2 4.82 114 29.6 3.40 70
356 28.6 4.63 86 31.6 2.73 59

TABLE XV
Triple Frequency Output, Y Y Connection,
350 "Volts - Constant Line Pressure
1.5 H. F. Capacity per Phase Secondary.
Ecoil
Primary
Iline
Primary
K. W.
Primary
triple triple K.W.
a r\r\400 11 . 76 240 1 .4 C rr53
408 11 ("\ A.84 2^8 2 .47 56
414 11 1.08 228 3 .72 67
430 12 1.32 216 4 .86 .65
444 12.5 1.44 200 5 1.00 .69
460 12.5 1.52 176 6 1.05 .69
470 12.7 1.48 144 7 1.00 .68
496 13. 1.28 102 8 .81 .63
516 13.5 .80 35 9 .30 .375
552 13.5 .48 9.25 .0
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TABLE XVI
Triple Frequency Output, Y Y Connection,
350 Volts - Constant Line Pressure
3 M. F. Capacity per Phase Secondary.
l
line r^rv
Ettiple Itri Ple
K,w
*^iPie
'rimary Primary -m"*-^
416 13 5.44 2483
408 12.5 3.26 244 2 .52 .16
406 12.5 3.14 240 4 .96 .30
414 13.4 3.26 234 6 .01 1 .40 .43
424 13.5 3.10 226 9 1.80 .58
444 15.5 3.40 218 10 2.10 .62
460 16.5 3.20 204 12.1 2.40 .75
496 18. 3.26 188 14. 2.60 .80
496 19. 3.28 180 15. 2.70 .82
496 21. 3.20 146 18. 2.62 .82
552 22.7 3.01 100 20.8 2 .00 .67
584 26 • 276 59 25. 1.48 .54
t 29. 2 90 44 27.4 1.20 .41

TABLE 7VII
Triple Frequency Output, Y Y Connection,
350 Volts - Constant Line Pressure
4.5 M. P. Capacity per Phase Secondary.
toil
'imary
I line
Pr i mary
K.W. E
.
,
Primary triple "^triple trn pie
Eff .%
198 7 1.02 244
399 10 1.71 242 4 .9 .53
40E 10.5 1.93 240 6 1.4 .73
408 11. 2.24 236 8 1.8 80
432 15.5 3.27 234 13 5.0 92
441 17. 3.98 231 15 5.45 87
453 19. 4.48 228 17 5.90 87
468 21 4.92 224 19 4.25 86
486 24 5.48 218 21.8 4.70 86
504 25 5.92 212 ?4. 86
522 28 6.16 202 26 5.4
540 31.5 6.80 210 28 5.8 85
573 53. 7.04 189 32 6.0 85
588 35.5 7.68 194 34 6.5 85
594 37. 7.88 176 56 6.3 80
618 37.5 7.60 170 37.6 5.9 78
672 39. 6.44 124 42. 5.1 79

TABLE XVIII
Triple Frequency Output, Y Y Connection,
400 Volts - Constant Line Pressure
3 H, F. Capacity per Phase Secondary.
I
pri
.
18
K.W.
pri .
4 .92
£1
triple
276
j
triple K. W. triple
18 A A t~\4 .48 o c o252 8 .8 2.2 49
18 4 .40 O A /*246 10.2 2 .50 57
18 4.00 2o4 12 .1 2 .8 70
18 3.68 222 14.3 3.2 87
18 3.70 216 16.2 3.50 95
19 3.80 212 18 3.70 97
20.5 4.00 208 20 3.90 97
21.5 4.24 180 21.4 3.60 85
22.2 4.40 157 22 .4 3.20 73
22.8 3.88 103 23. 2.2 57
23. 3.28 40 22.4 1.0 30
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TRIPLE FREQU3ITCY OUTPUT
TABLE XIX
Summation of Y A Results
K.W.
Output
.".ax. Shunted % normal Normal
Line
volts
Output
IT W
Capacity
- - • r •
line
r* n v^a -.1 TG U .T JL G i\l U
Line Apparatus
iiii lie leucy
Apparent
iiiii ig lency
350 1.5 78 .25 18.3
350 2.20 .375 85 1.08 .37 23.4
350 3.50 .75 113 3.10 .58 33.2
350 4.75 1.00 156 .79 27.0
350 2.65 1.50 90
TABLE
2.4
XX
.44 26.5
Summation of Y Y Results
300 1.53 1.5 52 .25 31.2
300 3.84 3.0 138 3.16 .64 29.4
350 1.05 1.5 69 .175 14.2
350 2.70 5.0 96 2.6 .45 23.8
350 6.50 4.5 197 3.65 1.08 29.5
400 3.90 3.0 113 3.5 .65 13.4
Apparatus efficiency is here defined as the maximum K.W.
output per K.W. of installed transformers.
**- Apparent efficiency is defined as the ratio of maximum E.W.
output to volt amperes input.
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VI CONCLUSIONS
The foregoing results show undoubtedly that it is possible
to obtain a considerable triple output, per K,W« of installed appa-
ratus, and that the commercial efficiency of the arrangement is
satisfactory.
The Y Y connection of the transformer coils gives the
greatest allowable output, and the best shaped triple voltage
characteristic for constant pressure service, and hence, is appli-
cable to uses where the load changes through considerable limits.
The inconvenience of tuning three distinct circuits, however, is
an objection.
The shape of the voltage characteristic in the delta
connected secondary is not satisfactory where the load is vcried
over a considerable range, but in the wireless apparatus, the load
is practically constant and this arrangement would serve the pur-
pose admirable. In fact, the wireless apparatus is a condenser
in itself, and the delta circuit might be proporly "tuned with very
little additional capacity reactance.
The solution of this problem, however, leans directly
to another. It is possible at present to build single phase high
frequency alternators of somewhat limited output for use with wire-
less telegraph apparatiis. Obviously, for mechanical reasons, it
is just as difficult to build three phase alternators for one third
the same frequency, and so nothing is gained by the use of the fre-
quency changer here developed. The commercial use of this
arrangement depends upon the possibility of so combining a circuit
of inductance, capacity and resistance, that a three phase circuit

for the frequency changer may be obtained from a Single phase
supply. If this can he successfully accomplished, it will he
possible to build lower frequency alternators of larger capacity,
and at less expense, for this class of service.
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VII OSCILLOGRAMS.
Oscillogram No. 1. E.M.F. Wave of 15 KW. 240 Volt, Three
Phase, 60 Cycle Alternator at Normal Voltage, no Load.
Equation, e = 384 cos f f - 89°47' ) + 7.45 cos f 3<p - 252°)
+ 6.85 cos ( 5cp - 89°5' ) + 11.7 cos ( 79 - 150°) + 12.9 cos f 9?
-
89* 51* ).
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Osoillogram Ho.12. 3.M.F. and Cur*e&t Waves of 1.5 KW Transform-
er, density 58,000 lines per sq. in. E (eff.) =120. I feff. J « 1.3
^^^^^^^^^^^
^
^ iy^^^'
Oscillogram :To.l3. B.K.F. and Current Waves of 1.5 KW,
Transformer, density 04,500 line3 per I4|, in. B feff.) = 166.
I feff) =8.3 Amps.
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Oscillogram :io,15. Coil Voltage and Line Current Waves, 1.5 KW
Transformer Oonnect&d Y open delta. ITormal Line Voltage = 208.
Coil Voltage = 136. Line Current = 1 Amp.
Oscillogram ITo. 14. Coil Voltage, Line Current and Triple
Density 68,000 Lines. Line Voltage =207. Coil Voltage =120.
Line Current = 1.2 Anps. Triple Current = .6 Amps.
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oil ogram Uo, 16. Joil Voltage,
| /es>
Transformers connected Y open delta. Line Voltage m 294, Coil
Voltage = 184, Coil Current = 4,75 Amps,
Oscillogram No. 17. ^oil Voltage, Line Current and Triple
Delta Current, 1.5 KW. Transformers Connected Y closed delta.
Density = 94,560 lines. Line Voltage = 294. Coil Voltage = 169,
"ine Current =9.8 Amps.
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Oscillogram :io. 18 • Coil Voltage, Line Current and Triple
Delta Current in 1,5 KW« Transformers connected Y closed delta
Immmmm
with 409 ohms resistance in the delta. Line Voltage =292. Coil
Voltage = 192. Line Currents. 7 Amps. Triple Current = .8 Amps.
Oscillogram No. 25. Triple Voltage and Current in 1.5 KW.
Transformers connected Y closed delta with additional transform-

Oscillogram Ho. 19. Coil Voltage, Triple Voltage and Line
Current in 1.5 KW. Transformers connected Y open delta. Coil
Voltage =197. Line Voltage =296. Line Current =5.8 Amps.
Oscillogram no. 20. Coil Voltage waves in 1.5 KW Transformers
Connected Y open delta. Line Voltage = 296. Coil Voltage = 197,
Line Current = 5.65 Amps.
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Oscillogram IJo. 22. Line Current, Coil Current and Secondary
Tinjnle Current in 1.. transformers Connected Delta Delta at
68,000 Lines. Line Voltage = 120. Line Current = 2,45 Amps.
Coil Current =1.5 Amps. Secondary Triple Current ..05 Amps.
Oscillogram IJo. 21. Line Current, Coil Current and Secondary
Triple Current in 1.5 Transformers Connected Delta Delta at
85,000 Lines. Line Current =8.5 Amps. Coil Current . 4.75 Amps.
Triple Secondary Current =1. Amp. '
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Oscillogram ITo, 23. Coil Voltage and V Voltage Wave 3 In 1.5 KW.
transformers Connected V V. Density 85,000 Lines.
Oscillogram ITo. 24. Line and Coil Current Waves in 1.5 KW.
Transformers Connected V V . Density 85,000 Lines.
Line Current =8. Amps. Coil Current =5.3 Amr^s.
I
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Oscillogram No. 26. Line Current and Neutral Current in 1.5 KW.
Transformers Connected Y open delta with neutral return. Density
Line Voltage = 292. Coil Voltage= 167.
Oscillogram No. 28. Line Current , Triple Delta Current, 2 KW.
Line Voltage = 165. Line Current =6.1 Amps. Triple Current =
1.7 Amps.

unbalanced, with ratios of 1:2, 1:2 and 1:3, respectively. Line
Current =6.6 Amps. Triple Current =2.1 Amps. Line Voltage = 292.
Oscillogram No. 29. Line Currents and Triple Current
Waves of 2 KW. Transformers connected Y closed delta, unbalanced
with ratios of 1:1, 1:1 and 1:3. Line Currents (1)= 10.4 Amps (2)
= 6 Amps. Triple Current = 4 Amps.

Oscillogram IJo. 30.
L-rim: ry Lino an * Secondary Neutral torrents, 2 KW. Transformers
^onnectofl YY, 1.5 m.f . per Phase Secondary . Ueutral Current = 10.6
Amps. Primary Line Current =10. /imps. Line Voltage, Primary =
300. Oscillogram taken at point of Maximum Output.
Oscillogram No. 31. Primary Line Current and Coil Voltage
'.Vaves* 2 KW. Transformers Connected as in Oscillogram Ho. 50.
Line Voltage =300. Coil Voltage = 288. Line Current = 10. Amp:
Oscillogram t; ken at point of Maximum Output.
•
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Oscillogram Ho. 34. Line Voltage and Current Waves. 2 KW Trans-
formers connected as in Oscillogram No. 30, for Maximum Output.
Line Current = 10.5 Amps. Line Voltage =298.
Oscillogram Ho. 35. Triple Secondary ITeutral Current V/ave
Connecter' as in Oscillogram No. 30, "but with 3 m.f. per Phase
Secondary. Line Voltage =300. Coil Voltage = 322. Neutral Triple
Current = 25.-5 Amps. Oscillogram taken at point of Maximum Output.

Oscillogram Ho. 36. Line Current and Triple Secondary Delta
Current in 2 KW. Transformers, Connected Y Closed Delta, with
Resistance Load Inserted in the Delta and 1. m.f. Capacity
Reactance Shunted Acros.3 the same. Line Current = 29 Amps.
Triple Secondary Current =7.1 Amps.

=
—
I
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Oscillogram 'Jo. 37. Primary Line Current and Coil Voltage "avei
XV7V/ V \iZO-v.-£cl 1 V\ \ \ J y I \ J m
\
in 5 KW. Core Type 3 Phase Transformer Connected Y Open Delta.
Line Voltage = 310. Coil Voltage =181. Line Current = 17 Amps.
Oscillogram No. 38. Line Current and Coil Voltage waves in
5 K>7. Core Ty-e 3 Phase Transformer Connected Y Closed Delta.
ine Voltage = 308. Coil Voltage = 178. Line Current =19.8 Amps.
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VIII APPS1IDIX
The method of wave analysis user1 in the foregoing paper
is an application of Fourier's series as developed "by Dr. Stein-
mets in his Engineering; Mathematics, pages 105 to 120 inclusive.
An outline of this method follows.
Any e. m. f
.
, current or flux wave, since it is a uni-
valent function may he expressed hy the equation,
y = a + a., cos 9 + a« cos 39 +
o l o
a^ cos n9 + bn sin 9 + h^ sin 39 +
h
n
sin n9. (1)
Only the odd terms appear here since even harmonics are
not present in alternating current waves. Multiplying equation
(1) hy d9 and integrating between o and 2n,
(2n j§n /2n fzw
y d 9 = a I d9 * a-j_ / cos 9 d9 + a3 I cos 39 d9 +
J
I
j cos n9 d9 * bj sin 9 d9 + h3 j sin 39 d9 **-bn/ sin n9 d9
r2n°
All integrals vanish except the first and / y d 9 = 2na
2n
2n
j
But I y d 9 is the area of the curve for one complete cycle and,
A
2
hy taking the numerical mean of a sufficient number of points from
But — is the mean ordinate of the wave
,
and, hence, a may he found
n

o to 2n. In all alternating current waves this will be zero.
To determine any other coefficient as a'
n
the original
equation is multiplied through by cos n9 d9 and integrated between
zero and 2n as indicated.
r2n /5ri /an
y cos n9 d9 » aQ I cos n9 d9 * an / cos n9 cos 9 d?
+
Jo J
2n
cos n9 cos 59 d9'-t-
o
n
sin 59 d9 * b„| cos n9 sin n9 d9.
o
On integrating, all these integrals vanish except the
first one multiplied by a
n ,
and
Hence a_ - I y cos n9 &9-
n
J
If the instantaneous values of y in the original curve
are multiplied by cos n9 and the product y = y cos n9 plotted as
a curve / y cos n9 will he its area. Then a = « JL' where A
i
I
n u n n
n
1 = the integral just expressed. -- is then, the average ordinate of
this curve. a = and is therefore twice the average ordinaten n
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of the new curve.
The value of "b is found in a similar way he multiplying
through by sin n9. The value of any required harmonic may also
be solved in the same way.
Having any harmonic in terms of its sine and cosine
functions such as an cos n<p + b sin n? (2)
it may be transformed by taking a new constant in place of and
b^ above, which will be the corresponding maximum ordinate for
V2 2an + "^n
an
Then tan go = s- and cos con = -y—«
n \ /a * + b
2
n
Sjj = cos con
"1\/an
2
+ b.
/ i:
bn = sin con * *>n
Substituting this in (2) above,
a cos n<p + b sin n9 m C cos fn9 - go )
n n n n
From the values of an and b n the value of a>n and its sign may be
found. It must be remembered that,
When tan go = — -
,
go„ is in the first quadrant.
"a
n
n
*b \
When tan go = , is in the second quadrant.
-an
T en tan co = , go is in the third quadrant.
-an n
When tan oo = -2*
,
go^ is in the fourth quadrant.
+an
n
As an example of the steps involved, the analysis of
the combined current wave of oscillogram number 17 plotted in
figure 14
, la shown on page 93 . In the example the analysis
has been carried only through the fifth harmonic.
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ANALYSIS OF COMBINED 0URR3IIT WAVE FROM OSCILLOGRAPH 17
i Decree i cos 9 i sin 9 J cos 39 i sin 39 i cos 59 i sin 59
10 1.96 .35 1.73 1.0 1.28 1.53
3 20 2.84 1.02 1.5 2.5 -.52 2.95
3.9 30 3.38 1.95 3.9 -3.38 1.95
4.3 40 3.29 2.76 -2.15 3.72 -4.07 -1.47
O.J 50 3.4 4.06 -4.59 2.65 -1.81 -4.98
10.5 50 5.25 9.09 -10.5 5.25 -9.09
17.6 70 6 . 02 16.5 -15.2 -8.8 17.3 -3.06
24.1 80 4.2 23.7 -12.0 -20.85 18.5 15.45
2-5.7 90 26.7 -26.7 26.7
25.3 100 -4.4 24.9 12.5 -21.9 -19.4 16.25
19 .6 110 -5 .7 18.4 16.9 -9.8 r-19.3 -3.41
12.0 120 —5 • 10 .4 12 - o -6.0 -10.39
O.J 130 -4.09 4.82 5.45 3.15 2.15 -5.91
4.7 140 -3.6 3 .02 2 . 35 4 .07 4 .42 -1.61
3.5 150 -5.03 1.75 3.5 3.03 1.75
; 1.8 150 -1.59 .61 -.9 1.56 .31 1.77
.4 170 -3.95 .069 — # 35 .2 -.26 .30
180
-5.09 153.24 5.88 -61.7 -2.53 28.73
Average -.172 8.48 .382 -3.42 -.140 1.59
Multiply x 2 -.344 15.96 .764 -6.84 -.28 3.18
15.96^ = 15.96 tan g>i - 49 .3
•
5.84*
= 88° 50 1 - second quadrant = 91°.
V- = 6.88 tan = 9
= 83" 40' - fourth quadrant = 276° .
U2.6 +3.18 = 4.25 tan co5 = 1.13
w5
=48° 37' - second quadrant = 131° .
The equation of the curve is therefore,
i m 16 .9 cos (9 - 91°) * 6.88 cos (39 - 276° ) + 4.2 cos
(59 - 131°) +

04
A convenient table of sines and cosines for analysis
up to and including the ninth harmonic is tabulated on page •
If the instantaneous values of the complex wave are known, the
sine and cosine functions for each harmonic may he directly deter-
mined by the use of the slide rule. In some cases one setting
of the rule will permit the determination of all the various sine
and cosine functions for one point on the complex wave.

Degre
10
20
30
40
50
60
70
80
90
100
110
120
130
140
150
160
170
180 \
TA3LE 0? SINES AND COSINES FOR WAVE ANALYSIS
UP TO THE 9th HARMONIC
Degree cos 9 sin 9 cos 39 sin 3? cos 59
1 1 1
10 .985 .174 .866 .5 .642
20 ' .94 .342 .5 .866 -.174
30 .856 .50 1.0 -.866
40 .766 .642 -.5 .866 -.939
50 .642 .766 -.866 .5 -.342
60 .50 .866 -1. +.5
70 .342 .94 -.866 -.5 .985
80 .174 .985 -.5 -.866 + .756
90 1.0 -1
100 -.174 .985 + .5 -.866 -.766
110 -.342 .94 ^,866 -.5 -.985
120 -.50 .856 ->-l -.5
130 -.642 .766 ^.856 + .5 + .342
140 -.756 . o42 + .5 • 8o5 + .939
150 -.866 .50 +1 + 866
160 -.94 .342 -.5 .866 + 174
170 -.985 .174 -.866 .5 -.642
180 -1.0 -1.0 -.1
cos (90 * co) = " sin co 3 in (90 + co) sb COS CO.
cos (180 + co) = -• cos co sin (180 * co) = - sin co
cos (270 * co) = sin co sin (270 + co) = - C03 CO
sin 59 cos 79 sin 79 cos 99 sin 99
• 1 1
.766 .342 .94 1
.985 -.766 .642 -1
.50 -.866 -.5 -1
-.342 .174 -.985 +1
-.939 .985 -.174 +1
-.856 .50 .866 -1
-.174 -.642 .766 -1
.642 -.94 -.342 +1
1.00 -1.0 +1
.642 .94 -.342 -1
-.174 .642 .766 -1
-.866 -.5 .866 +1
-.939 — • ± I <± +1
-.542 -.174 -.985 -1
+ .50 .866 -.5 -1
+ .985 .766 .542 +1
+ .756 -.342 .94 +1
-1.0 -1




